- International Baccalaureate
Baccalauréat International
Bachillerato Internacional

Diploma Programme

Mathematics HL and
further mathematics HL
formula booklet

For use during the course and in the examinations

First examinations 2014

Published June 2012
© International Baccalaureate Organization 2012 5048






Topic 1: Algebra

Topic 2: Functions and equations

Topic 3: Circular functions and trigonometry
Topic 4: Vectors

Topic 5: Statistics and probability

Topic 6: Calculus

Topic 7: Statistics and probability
Further mathematics HL topic 3
Topic 8: Sets, relations and groups
Further mathematics HL topic 4
Topic 9: Calculus
Further mathematics HL topic 5
Topic 10: Discrete mathematics

Further mathematics HL topic 6

Topics 5.6, 5.7, 7.1, further mathematics HL topic 3.1

Discrete distributions

Continuous distributions

Topic 1: Linear algebra

Mathematics HL and further mathematics formula booklet

o N »n A~ b~ W

10

11

11

12

13
13

14



Formulae

Area of a parallelogram A=bxh,where b is the base, 4 is the height

Area of a triangle 1 . . .
A= E(b x h), where b is the base, /4 is the height

A fat i
fea of a fapezium A= %(a +b)h, where a and b are the parallel sides, / is the height

Area of a circle A=mr*, where r is the radius
Circumference of a circle C =2nr , where r is the radius

Volume of a pyramid 1 . '
V= g(area of base x vertical height)

Volume of a cuboid V =1xwxh, where [ is the length, w is the width, / is the height

Volume of a cylinder V =nr*h , where r is the radius, 4 is the height

Area of the curved surface of | 4=2mnrh, where r is the radius, 4 is the height
a cylinder

Vol f a sph
ome o a Sphere V= %mﬁ , where r is the radius

Vol f
ome ot a cone V= %nrzh , where 7 is the radius, 4 is the height

Distance between two 2 2
d=+(x—x) +( -
points (x,,7,) and (x,,,) VG =5+ 0=

b

Coordinates of the midpoint of (xl +X, y+Y, j
2 2

a line segment with endpoints
(x,) and (x,,,)

Soluti.ons of a quadratic b+ —4ac
equation ) X=————"
The solutions of @~ +bx+c=0 gre 2a
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Topic |: Algebra

1.1 | The n™ term of an u, =u, +(n-1)d
arithmetic sequence

The sum of n terms of an

n n
arithmetic sequence S, = 5(2”1 +(n=1)d)= E(Ml +u,)

The n" term of a u, =ur""
geometric sequence
The sum of n terms of a u, (" =1 u,(1-r")
finite geometric sequence | S» = —1 1=, " #1
The sum of an infinite '
: S = , r| <1
geometric sequence ©

1.2 Exponents and logarithms | ;¥ =p < x= log, b, where a>0, b>0

x _ _xlna

a =¢€

log, x

log,a"=x=a

log, a
lo =—=
8 log, b
1.3 Combinations n n!
r) ri(n—r)!
Permutations np _ n!
ro(n=r)!
Binomial theorem n n
(a+b)' =a"+ | a”'b+..+| |a"h +..+b"
r
1.5 | Complex numbers z=a+ib=r(cos@+isin@) =re” =rcis@

L7 De Moivre’s theorem [r(cos@ +1sin 0)]" =" (cosn@ +isinnd) =r"e" =r" cisnd
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Topic 2: Functions and equations

2.5

Axis of symmetry of the
graph of a quadratic
function

Discriminant

f(x)=ax’> +bx+c = axis of symmetry x = _Zi
a

Topic 3: Circular functions and trigonometry

3.1

Length of an arc

Area of a sector

Identities

Pythagorean identities

Compound angle identities

Double angle identities

[ =0r ,where @ is the angle measured in radians, » is the radius

1 . . . .
A= Eﬁrz , where @ is the angle measured in radians, r is the

radius

_ sind

cosd

tan @

secld =

cosd

cosec d =—
sin @

cos’ @ +sin’ O =1

1+tan® @ =sec’* 0

1+ cot® @ =csc’0

sin(4 £ B) =sin Acos B + cos Asin B
cos(A+£ B)=cos Acos BFsin Asin B

tan 4 £ tan B

tan(d+ B)=———
1Ftan Atan B

sin260 = 2sin@cosO
c0s20 =cos* @ —sin’ @ =2cos’@—-1=1-2sin* 0

2tan@

tan 26 = >
1-tan” @
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3.7 | Cosine rule 2022
¢ =a* +b* —2abcosC; cosC=2"2 ~¢
2ab
Sine rule a b ¢
sind sinB sinC
Area of a triangle 1 .
A=—absinC
2
Topic 4: Vectors
4.1 Magnitude of a vector v
2 2 2
|v|:4/\;1 +v,”+v," , where v=| v,
V3
Distance between two
. dz\/(xl—x2)2+(y1—y2)2+(zl—22)2
points (x,,y,,z,) and
(x,¥,,2,)
Coordinates of the X +X, Y+, z+z,
midpoint of a line segment 5 2 o
with endpoints (x,,,,z,),
(x,¥5,2,)
4.2 Scalar product v-w=|v||w|cosé, where ¢ is the angle between v and w
Y W
v-w=vw +v,w, +v,w,, where v=|v, |, w=|w,
V3 Ws
Angle between two g = WMtV Wy Vs
vectors cost= |v||w|
4.3 Vector equation of a line r=a-+.b
Parametric form of the X=X+ Al, y=y,+Am, z=z,+ An
equation of a line
Cartesian equations of a X=X, V=Y, Z—Z,
line / o m - n
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Vector product

Area of a triangle

Vector equation of a plane

Equation of a plane
(using the normal vector)

Cartesian equation of a
plane

VoW — VW,
vxw=| v,w —vw;, | where v=|v, |, w=|w,

W, —V,W Vs W3

|v X w| = |v||w|sin0 , where @ is the angle between v and w

A= %|v X w| where v and w form two sides of a triangle

r=a+ib+ uc

r-n=a-n

ax+by+cz=d

Topic 5: Statistics and probability

5.1

Population parameters

Mean u

Variance o

Standard deviation o

Probability of an event A

Complementary events

Combined events

Mutually exclusive events

Let n :Zk:fi
i=1

k
Zfix,
_ =l
H= n
k s k
Zfi(xf — 1) fox
ot = 4= _ =l e
n n

P(AU B)=P(4)+P(B)—P(AN B)

P(AU B)=P(4)+P(B)
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5.4 | Conditional probability p ( A| B) _P(4nB)

Independent events P(An B)=P(A) P(B)

Bayes’ theorem P(BI A) = P(B)P(4|B)
(8] )_P(B)P(A|B)+P(B’)P(A|B')

_ P(B)P(4|8)
~ P(B)P(A|B,)+P(B)P(A| B,) +--+P(B)P(4| B,)

P(B,| A)

5.5 Expected value of a E(X)=pu= Zx P(X =x)
discrete random variable X X

Expected value of a

continuous random E(X)=p= I XS (0)dx

variable X
Variance Var(X) = E(X — u)? =E(X?) - [E(X)]2
Variance of a discrete Var(X) = Z(x —u) P(X=x)= sz P(X =x)— i’

random variable X

Variance of a continuous = 5 o .
random variable X Var(X) = J._w (x—p)" f(x)dx = J._w x"f(x)dx—u

5.6 Binomial distribution

X ~B(n, p) = P(sz)z(n]px(l—p)”_x, x=0,1,....n
Mean X
Variance E(X)=np
Var(X) =np(1- p)
Poisson distribution me™"
X ~Po(m) = P(X =x)= , x=0,1,2,...
Mean
Variance E(X)=m
Var(X)=m
5.7 Standardized normal X—
variable z= o
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Topic 6: Calculus

6.1

Mathematics HL and further mathematics formula booklet

Derivative of f(x)

Derivative of x”
Derivative of sinx
Derivative of cosx

Derivative of tan x

Derivative of e*

Derivative of Inx

Derivative of secx
Derivative of cscx

Derivative of cotx

Derivative of a*

Derivative of log, x

Derivative of arcsin x

Derivative of arccosx

Derivative of arctan x

Chain rule

Product rule

Quotient rule

Y= ) = % — £ =lim

h—0

(f(x+h)—f(X)j
h

f@)=x" = f0)=n""
f(x)=sinx = f'(x)=cosx
f(x)=cosx = f'(x)=—sinx
fx)=tanx = f'(x)=sec’x

f)=¢" = flx)=¢

f@=lnx = ()=~
f(x)=secx = f'(x)=secxtanx
f(x)=cscx = f'(x)=—cscxcotx
f(x)=cotx = f'(x)=—csc’x

f(x)=a" = f'(x)=a"(Ina)

, 1
Jx)=log,x = f'(x)=
xlna
. , 1
f(x)=arcsinx = f'(x)=
1-x°
, 1
f(x)=arccosx = f'(x)=—
1-x°
, 1
f(x)=arctanx = f'(x)= >
I+x
dy dy du
= , Where u = = —=—"—x—
y=g(u), where u= f(x) - de 3
dy dv  du
y=uy = —=u—+v—
dv dx dx
du dv
v v Vae "dr
= —=——=
7 v dx v




6.4 | Standard integrals e

J.%dlen|x|+C
[sinxdx=—cosx+C
[cos xdx =sinx+C
[erdr=c'+C

J.a"clsza]C +C
Ina

2 2

J. ! dx=larctan(£)+C
a +x a a

J.;dx = arcsin(£] +C,
a

\/az —X2

6.5 Area under a curve 4 =_fbydx or A =jbxdy

Volume of revolution
1 b b
(rotation) VZJ‘ midx or V ZJ‘ o dy

6.7 Int tion b rt
n egra 10N ypa S J.uﬂdx:uv—].vd_udx or J.UdVZMV—IVdu
dx dx
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Topic 7: Statistics and probability

Further mathematics HL topic 3

7.1 Probability generating
(3.1) | function for a discrete
random variable X
7.2 Linear combinations of two
(3.2) | independent random
variables X, X,
7.3 Sample statistics
33
(33) Mean x
Variance s.
Standard deviation s,
Unbiased estimate of
population variance s
7.5 Confidence intervals
(3.5 .
Mean, with known
variance
Mean, with unknown
variance
7.6 Test statistics
(3.6) .
Mean, with known
variance
Mean, with unknown
variance
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G()=E({t")=Y P(X =x)"

X,)=aE(X,)+a,E(X,)
Var(a,X, £ a,X,)=a’ Var(X,)+a,” Var(X,)

PIACES IR/

n—1
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7.7 Sample product moment L

correlation coefficient iny ; —nxy
3.7 _ =
- )
i-1 i=1

Te_st0 statistic for Hy: i n—2

P 1-7?

Equation of regression line n L

of xony inyi—”xy

X=X= S5 |(y =)

Equation of regression line n L
of y onx inyi—”xy

Topic 8: Sets, relations and groups

Further mathematics HL topic 4

8.1 | De Morgan’s laws (AUB) =A4"NnB'
4.1) (ANB)Y =A'"UB'

Topic 9: Calculus

Further mathematics HL topic 5

9.5 | Euler’s method Vou =y, +hxf(x,,9,); x,,, =x, +h, where h is a constant
(5-5) (step length)

Integrating factor for eJ’p(x)dx

Y+ P(x)y =0(x)
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Maclaurin series

Taylor series

Taylor approximations

(with error term R (x))

Lagrange form

Maclaurin series for
special functions

f(x)=f(0)+xf’(0)+%f”(0)+

f<x>=f(a)+(x—a)f’(a)+%f” (@)+...

f@=f@+Ex-a)f(@)+.. +uf(")(a) +R,(x)

a
n!

/" () ~
R (x)=*——%(x—a)"", where c lies between a and x
! (n+1)!

2
X

e =l+x+—+...
2!

2 3
X

X
Inl+x)=x——+—-—...
(I+x) 73

3 5
X

sinx=x——+——...
3 5!

2 4
X

cosx=l—-—+——...
21 4!

3 5
X

arctanx=x——+——...
3 5

Topic 10: Discrete mathematics

Further mathematics HL topic 6

10.7
(6.7)

Euler’s formula for
connected planar graphs

Planar, simple, connected
graphs

v—e+ f =2, where v is the number of vertices, e is the number

of edges, fis the number of faces

e<3v—6 for v=3

e <2v—4 if the graph has no triangles
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Formulae for distributions

Topics 5.6, 5.7, 7.1, further mathematics HL topic 3.1

Discrete distributions

Distribution Notation Probability mass Mean Variance
function
Geometric X ~ Geo( p) pg* 1 q
2
for x=1,2,... P p
Negative binomial X ~ NB( r, p) x=1 , ., r rq
r—1 p p P’
for x=r,r+1,...
Continuous distributions
Distribution Notation Probability Mean Variance
density function
Normal - 2 V) Y7 2
X ~N(u0) LA o
o~2n

Mathematics HL and further mathematics formula booklet

13



Topic |: Linear algebra

1.2 Determinant of a 2x2
matrix

Inverse of a 2x2 matrix

Determinant of a 3x3
matrix

a
A=
C

SJ = detA=|d|=ad -bc

b 4 1 d -b
: = ,adibc
d detA\—c a
b c P
e f|=>detd=a / -b / +c
k g k
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